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LNTRODUCTION

This report R 53, Int 2 is the saxond of a number of interim

reports giving information about computations carried out by the
Computation Department of the Mathematical Centre on behalf of

Tthe National Aeronautical Research Institute in Amsterdam under
contract R 53. The final report R 53 that will be made up even-
tually will not contain much else than the final results of
the computations and, moreover, will be not availgble for gene-
ral distribution. As however in the course of the computations
a lot of information has to be compiled for internal use, and
part of this information may be of some value to others, this
compilation will be done in the form of interim reports, that

will be made available for limited circulation.
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(n)

T. Development of 2° in Factorial-Series,
¢ the Fourier-expansion of the se_-solu-

1. The cceocefTficiertrs ( ) n
tions of th: “'a:thleu' * equntion obey the following recurrence
relations. (C.f. Mac-Lachlan: Thescry and Aprlication of Mathien-

functions. )

(a=14+q ) B(n)m q B?()n):. |
> {1 L)

a -(2r+1)°; (21 q(Béﬁl.‘S + ng) )= 0 (r>1)
1f n is odd
and ,.
(1=1) Bgn) Q B(n) 0O
2y oin) .(n) An) \_ ~ | (1.17)
(=41 ) Bor MQ(ﬁ2r+2 T Bzrm2)“ 0 (7= 2)5

if n is even.

The Tirst formulae of both (1.1l) and (1.1') differ from the
general oncs, but one can easily seethnat we can put them in that

general faorm by the introduction of B(n) )
me In that way (1.1} becomes

] with wn-positive index

a-(2r+1)% Béﬁll - q(ﬂfﬁg (n) )= ¢ i
; 1.3
(- - 52,
aﬁd (1.1')
(a-4r-) I J(n) (Bglp M Béﬁe)ﬁ 0 5
Bén)x ) - (1.2%)

Now it immediately follows, that the B(n) should have an axti=

metrical character for intemervalues of r, i.e. in those points that
interest us only. Moreover these B(n) should get small for larce
positive values of r. These two condlt jons can only be satisfied if
A has 1ts characteristic value.

We shall now assume that A actually has its characteristict
value b n? and try to solve the ‘an) by means of expansion in Zacto-
rlalwserles , making use of the fact, that we are looking for the
small solution. Then the initial conditioms are automatiocally satig-

- fied. ‘
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2. Replacing r in (1.2') by r + 3

we get the formulae (1.2), and so
we see that the two cases of odd and even values of n are essentially
ldentical. We shall therefore only consider even values of n and
translate the obtained results for odd values of n.

The small solution of the difference-vquations (1.2') can

-0
asynmptotically be decribed by A(*Q/fi)r(rl ) © for large values of ) o

n
By - (2.1)
with = = %*..arﬁ p arbitrary.

As
(r=p)!(r+p)! - (1!

C:E,?) shall tend to a finite value if r »:- , that is idependent ef
p. We expand C:E.n; in a factorial—series:
o(n) | = ‘
- 2! 2
’p S0 ( }

in which - (n) 1s independent of p, but depends only on the way in

which the Rgn§ are normnlized.

Then from (1.2') we get, substituting for a 1ts characteristic
value b3

b
(- T) (r-p+1) (r+p+1) CS; ~ {(r-p)(r-p+1)(r+p)(r+p+l)
2 )
Cz(:ﬁj)L,p CJ(:‘El,p =0
(2.3)

In +this (n),

An) _ () () (n) () . (n) (n)  (n)
e ry I 5‘ ‘+4,p "+3;P ;'“ P+3!P ?+2$p 5 +2rp "+1:P ”';'*"1':]?
(2.6)

t (n) in) (n) b defin \'s
_ 1) n ing defined bj
he ay o ua,p ard . p eing de
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(r® = 37 (x+p+l)=(r+2=p) (r+ -p=1)(r+' -p-2)+
&(n) (I"'}'f “P)(I‘-i-f mp*'"l}'}' b(n) (I“*‘*}“p)"' C(wn) v (217)
.3 B ' g 1) -9 P
and fimlly = wgﬁn)(rmp+l)l
(r=p) (r-p+1) (r+p) (r+p+l) C 15 _=(r+p+2)(r+n+l) . —
I‘wl, p - \ "‘1) '
R () (n) (n)
n) n n . (n
., = BV -+ , o ,,, 4 hh oy, 2. '
S0P i+a,p T B43,p 43,p +2,7 t4+2,p (2.9)

the g . and h . following from
vy D - 9 O

N

(r+p) (r+p+l)=(r+'-p-1)(r+ -p-2)+ g, p(r+‘-’-p-l)+ hy o (2,10)
3

Substituting (2.4), (2.5) and (2.8) into (2.3), and equating the
coefficients of the terms with {—%ﬁ with the snme ralue of ¥
we get

~(n) _ (n) _ .2 (n)_ 4

¢ 2P P | - ¥y P
or
(n) (n) + _ b(n) *.(ﬁn) .
(n) - (n) -2 .(n) _ ;4 5. 11)
C ck 1 P ‘;"+l,p ¥ "reP ’ ( )

n rocurrence-relation, from which we can calculnte the 's succes-

_ (n) . _ 103 y (n) — 1
' Ny | . oy == Ao : ' LD i ; o
sively, making use of = R O for O, and first taking O,p

which gives values of Er(nn) that differ from the ones we want, by &
multiplicative constant, that can be determined later on with the
aid of the normalization-rule - Br(nn)e = 1

From (2.7) and (2.10) we get

»

¥y P

ls”

- af _
&) y P 7y P b

. ; . . , , .« . . . a %/
and so we can write (2.11) im the form, if we introduce ‘= A ¢



we can put this recurrence-formuis in a form more suited for

computation by the introduction of an auxiliary qu:ntity.

(n)  _ 2 , (n) 'y _ (n) T 2
sz p = Tyasp - Um2e=3) (-1 vy mi(epe2) T s
*h h(n) (2-»14')
'n =2, P
Then we have
c(n) a2 4 i L (np v (n) 2.1
S G e () (2.15a)
and Trom (2.14) ard (2.152)
(n) 2 . {n) Jomzy i (n)
HJ“B,p E A gmB’p + ( 2P 3>~3ﬁ“4’p ’
T ) (n) (n)
_ + o e - ?u 15b
RS "‘sp (¥ =2p) ‘=1,p ( )

3. Now resuming the results we find that for even values of n we have

T A _'
" ¢
W -
2
o
o

. ¢ r
By = (-1)T T ’ 3e 1)
with
{_ _ % : (3- 2)
arl .. »“}»‘ _ :..E.I.l (3-3)
i 4
(n)
s (3.4)
(%.5)
(3.1')
1 _
W1l o Q (3a2‘)
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. 1-b
*— |

and if N = —= (3.31)

(n) _ v, VI s ow(n) o (n) .
}’X :}?p . E(Q*‘pwl)(tmp 2)""‘ aﬁ”ﬁn: A h“Wl’p h ;w3’p (3!4 )

(n) (1’1} + \ (n) ,

f y=2p=1) . .57

} ,p ¢, ﬁ,p ( p ) “ml,p (3 5 )

4. As to the convergence of the factorial-series, we shall again
consider the even case. lLet

-n.‘:&.. | - — 4‘ 1
Yy P s D ( )
Substituting this into (2.13) yields
F0-1) (n) ~(?=1) 129 ° —(4p+6)Y +(p+1)° +2p+3+ n- (EJ)L .
- | ’
L2 -
...4 L 2, (n) — . (n)
. ‘&ﬁ"""'g - ) i - """""2 + v | + ,, L — O
(" =2p=-3) -(i=p=2) —2,0 VT3 VU3,
(4.2)
For large vanlues of v this gives asymptotically
e,
-+ -+ |
-f(.in} M_QMM+MMQ: (n) +‘1“i'_13_'_1'_6_+
vy D ? 3 R 2 % § ml’p - )
> (4.3)
(p+2)“+(2p+3) (2p+4 )+ | ()
- - s \R O
:2 ”2,13
(n) c-k)
Pusting - % p < @&ives k = 2p+3 and k = 2p+2, Therefore,
‘g v
**(,n_z - (v=2p-3)! and (n})} ~ (V-2p-2)! gives +the asymptetic form
‘“ " g j:f | &*“ 4

¢¥ w2 independent solutions of the difference—couation (2.13). The
third solution is a smll onec. If we suppoese for it that

SAw) 0 (= 3 (n) ) and , (n) (%3 (p) p), then the

kh}ﬁp N *""'~--9p \""“1?P

asymptotic form of (2.1%) becomes

\ R 2 b (n) B~ (I’l) — \
(#=2p-3) (v-p-2)° + A ¢ so2p YT Y5 = O (4.4)

having a solution with asymptotic behaviour

(n)

) (4.5)

The largest solution behaves as (V=-2p-2)! So we make a safe
estimate of the region ef convergence of the factorial-series, if wc

suppose that the - (*‘nI)?’
' y

we want, cantains the large sglution with a
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non-zero-~coefficient, therefore

X (n)
DS v p

~ A =2p-2)! i (4.6)

Then the general term of the factorial-series behaves as

(4.7)
Therefore wa have (absolute) convergence as long as

r>"'""‘ P - 1, *(4Q8)

the convergence being of the same type as that of a hyperharmonil
ceries with exponent r-i-p+2 (supposing A% ).
Similarly in the case of odd n

j(n)
.(E‘:-%-EW A Avmrmpn-}’ (4.T7")

and there is convergence as long as
r>-p - 2, (4.8")

the convergence being of the same rate as in the case ol a hyper-—
harmonic series with exponent r+p+3.

5. Fer different values of p we get different factorial-seriesd
We may refer to the general theory of factorial-series as de=
veloped by Norlund (Cf. his work on "Differenzenrechnung") as
to the fact that those series define analytical functions with-
in their region on convergence, which are identical there.

In particular we have (for even n again)

o0 X gn)

(n)_ { “0)* Ty
Bor r+p) . \‘)ST.;‘ (r—p+¥)!

It

It




Therefore,

‘j(n) - (I’l)

= - (v=2p-2 o (n) . 5.
(.X U’p+1‘ vy P ( P ) A (5 2)

Similarly for odd n,

J(n)

A vprl T (5.2")
‘.

the B( n) infactoriél series we get in
the following manner. ﬂgaln.startlng from Bér) A(mf)r/(rl)“g and
using

6. Another way of expanding

(6.1)
} (6.2)
we find _
11mZD(n) 1im C(n) (6.3)
¥e now expand D(n) in a factorial series
(n) _
Dr = (664)
It then follows from (6.3) that
(n) _ y(n) 6
O O, D y ( *5)

From (1.2') we get the recurrence-relation

~(4rP-b ) (2r+3) (2r+3) D) + (2r43) (2r+d) (2r+d) (20-3) DLP)
tQ Di,ﬂ 0 (6.6)

In this we have

(2r+%)l - (n)
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Z: (21“4-%)1 é} (1) } I (6.8)

1l

vo _4 (2r+v+5)'
With.
2 ) @) (0B g R e
a.s
(47°-1 )=(2r+3+V) (2r-3+y ) - 2 (2r+3+) )+(V +3) 4 -b_. (6.10)
Finally, B (2 5)'
5 3 N may p(n) S TS (n)
(2r+3) (2r+3) (2r+}) (2r-%) D7 = %5 m IS
X (2r+2)! - -
= — 2 () (611
%;-q (2r+gy)r LPVFE
New (6.6) yields
— Zf (n) )lgfi +q 11(;1):'0
or
2y Q(n) [\’(V“l)*'/‘] () - q? f,ﬁ% (6.12)
with
/LL:: ;%j --bn . ' (6¢13)

Fer the difference-equation (6.12) we can give independent

solutions, with asymptotic behaviour respectively as

(n) ~ 277 w-1)1, (6.14)

(n) Y
1 S v +1 : ) | (60 15)

a Y,
an Yk(:l) ~J YT . (6. 16)

Assuming again that the first and largest one enters into the

solution we look for with a non-zero-coefficient, we make a sa.e

estimate of the region of convergence of the factorial—series for
(n). We then have

(;1) ~N A, 2“v(v-1)z (6.17)

and so in




We see, that we are sure of convergence for any value of I,

-V =27~ 4
the terms going down as 2 VY o % . The final convergence of the

factorial-series now obtained is therefore much better than that of
those with the 6/ ~coefficients. It appeared, however, that at the
beginning the convergence of the 5’ ~series was much better, if p
was suitably chosen. For this reason we preferred the last ones for
actual computation. On the other hand we do still mention the “m“

series, as they will appear to be usefull when slow-converging
series involving the B E) should be summed.

For odd values of n, we put

B2, = (-a)F \Eg i (2;;1“ (6.20)
Then (n) . y(o) (6. 21)
0 0,
N Yl(;l) = -1+ 7)\5_13:)1 - q2 7 {n) (6.22)
and ()

i Ope
y ~ A 2--9 Y 2r= 3, (6.23%)

7. We shall not give a detailed proof of the fact, that the Y -

and T‘L ~-series also give the same interpolatory functions of the
B(Iﬁ) , only the relation between the (\f - and YL ~coefficient will be

given.

Putting
4% (r+p) ! (r+y-p)?
into (3.1), ene gets ;
i\,

r -

B, = (=9) Y

J 2T y=0C

_ (=a) (7.2)




and therefore
R

}(11*1) — Z; W (VD) B’(v?% (7.3)
For the W's we find at first
0 (v,p)= Vorr 1am LZERERL o o7 (7.4)
roo 47 (r+p)! (r+y=p)!
and the recurrcnce-relation
2§ W, (,p)=(j-2-2p+V) (j-2+2p-V)H 1 (V,p) (7.5)
This yields
O (v,p)= 2°71 LrReZR R e nen (7.6)
Equally for odd n
whgn) n\:;b mhw(v,p)(\f (V?I)D (7.3")
with )
W, (V,p)= 2 (T« 4')
2 3 W, (,p)=(§-F=2p+ M) (§+ivap-Y)y_ (V,P) (7.5")

Vi (j“‘%—2b+\))3 (j+%+2p—-)));

- (7.6")
j:(~§w2p+V):(%+2p4D):

wa ()) ,p): 2

We only give the relations between W and a’ forsake of comple-—
teness, as a matter of fact one can better derive the values of
directly from their recurrence-relation.
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1T, Development of the Fourier-coefficients g(IInl) of
the non-periodical solution.

8, We define a non-periodic solution gen(z) in the same way as

Mac-Lachlan, only the normalization is done in that way that we
put the non-periodic part exactly +z sen(z) so We have

gen(z)m + 7 sen(z) + i g(E) COS M Z (8.1)
m:- O
and correspondingly for the modified functions
Gen(Z): -~ Sen(Z)‘!’ »;:} géln) cosh m z. (8-2)
For the gén) exist the recurrence-relations (Cf. Mac-Lachlan)
. (n) (n) _ (n)
(bn“l“Q.) gl - g 83 = « 2 B 1
(8e3)
29 (n) (n) (n) \_ (n)
[bn--(2r+1) -] g21’+l - q(g21:'+3 N ngwl)“ =~ 2( 2r+1)B2r+1
(r21)
for odd values of n
e (n) (n)
n n) .
bn- go - Qq £ o = O
(n) (n); , (n)y_ _ 5 =(n) '
(b,~4)g 5"~ alg '+ 2 g J')= = 4 B'; (843")
4.2y (n) (n) (n) \_ (n)
(bn 4r )g2r - q(g2:t'-t-2 T Bopopl= ~ 4r B2r
* (rz 2)

for even values of ni

The first equation of (8i3) can again be fit inko the general
form bs(r '§,he i?t:s'oduction of non~positive values of m and the condi«
n 1 '

tioh 8.1 = 877, which implies that the gg_ﬁll s should have. a

symmetrical character for integer values of r.

The first two equations of (8.3') can be fit into the general
form in a somewhat more complicated manner. Not gén) should be ‘the
value of the function that obeys the general recurrence-relation
in the %oin‘b r=0, but 2 g(()n) , and further there is the condition
ggg)f-’- g g) y also implying a symmetrical character of gég) for in-
teger values of r. Therefore in this case, we shall denote a func-
tion that obeys the general recurrenoe-relation and assume the

values gég) for > 0O by gégz then we have
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(n) _ (n)
S O N % ........g.... Q (8«- 4)
and from the first eqution of (8.3')

®hn 5(2) =2qg (n) (8.5)

9. If B(E) can be intcrpolated by an analytical function obeying
the recurrcnce-rclation of the B, one easily sees that that

> 3D ' B(n)
- -----5----35--- = - E — S 1s a particular solution of the rccurrence-
m &

(n)

general small ,..:olutlon of thec recurrence-relation is therefore,
with X indcpendent of m

relation of thec g s that becomes small for large values of r. The

(n)
B _
(n) 0 . (n) .
g = - 5 + K B\" , (9.1)
m D - m
as the recurrence-relations are the same as for B(g) but for the
inhomogeneous tcrm.
Therefore
(n)_ r ¢ { £\~ (n)} -
T = = % (=T) = 1 (D7 B (9.2)

is a solution, because
P -r o(n)l _
- 3 (-0O° ST {(-—-f) i I’;} =

- 3 %—; B(E) + 3 log(w‘E)Béln)

Defining B( n) by one of the factorial-series of the prc»o.exling
chapter one can also gdefino T( n) according to (9.2).

Now once has ;
g8 () 4 gn) 5(n) (94%)

ﬁ(n) cean be calculated from the first rclation of (8.3) or from
(8.5), according to whether n is odd or even.

For odd n one has

(b -1-a) (2 - g 22+ ™ (4 1-q)3(T)q B2 )g
- 2 B! n)

but according to (1.1)

q B(;l) (b -1+ q) B(lil), SO



* (n) (n)
(bnn-l-q)T 7 -q T 3

R e e R (9.4)
J q " > g B\

1

For cven n this becomes

n O 2 n O
but B(g)z 0, 8O
(n) A. mn) *
gn . Er_a_?__g___%?_g_?__ (5. 5)
2 q B g'
. n .
10, Differentiation of tne faotorialwserl?s)for the Blsl ) easlily
- n
gives the following developments of the I
OO {n) |
(n) _ (=)' T 2()3 \\{, D)4
+ Y (r+p+1)}5 (10.1)

the Y‘-—-function being defined as the logarithmical derivative of

the factorial-functior

o0 , (n) o
oT Téi‘lll = (Mq)r \r{%j N —-l:i—;— N(Qr%*v)‘* .log 2‘\

oY
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I111. Calculation of Ne(i)(z) .

11. The Ne(i)*function 18 defined as that solution of Mathieu's
| emlke .
equation that behaves as Dm-—-fm-ﬁm when z —>+ oo (k= \q), or, which is
ke
all the same
Ner(lz)(z)r\JA H(Eg)(kez) as 2z -» + o0 (11.1)

for arbitrary 1.

Here we do not bother about any normalization, so we can dis-
pense with the exact value of the factor A.

n . . (2) . P
Now we shall try to write Ne ~’(z) in the form

(2) (5 .
Ne* (z)= a Sen(z)+ b Gen(z) o (11.2)
Only the ratio % interests us.

12, Now, first taking n to be odd, we have

_ (n) .-
Se_(z)= ; smyq Sinh (2r+l)z

( ) (2r+1) _ (n) ,-(2r+l)z
3 ,.Z; 1 & 2 Z5224-1 :

But B--l = --Bl, SO
co
Sen(z)= = ; B(n) 9(2'1"“1)5 % 2{ B(n) e*( 2yl )z

2r+l b f 21"""1
2 _(n) (2r+l)z ~3%
= % ;:TBQI‘-F]. e + O(e ). (12.1)

For Bé 3_1 we substitute the factorial-series (3.1') with p=Q

this gives, using T = ( --é—-—- )2 (the factorial-series converges for

o2 , (n)
_ -1)% k/i e(2r+l)z 2 V,0 | ~32
Sen(z):— 2 r; “ r+1)! _ \; (r+v51 +Q (e )

( 1)2( 2r+1

15
Tk L Oﬁ/v,o Z—; W*O (e
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One can easily account for the change of the order of summation.
In the second term of (12.2) we have (V > 1)

00 r ke er—1 -
L~ = (o) ke (12.3)
in which woZ ~1 -
2V =2 ,.
— cos(ke 00550)3111 Spdy‘ A

7T

Y e
j cos(ke” cos 5(9 ):sin2 2

O

and finally

™

2 ‘ 2)""’2
cos(ke” cos (¥ )sin d/| <
J preant>2 g apl T
so the second term is O(e Z):

Thus we find |
Se, (z)= & 5/(“) 5, (ke?) + 0(e™®) (12.4)

and consequently
— ..]..'.. / (H‘) C kez _ . l{n} Z, wn 2, |
z Sen(z)--* " 5 ‘ {lba 5 }og 5 [ Jq(ke Y+ O(e “z).(12.5)

13; Now we have

Gen(z):: Gn(z) - zSen(z):. 4 (13.1)
(n) ( )
with G_(2z)= 5 g cosh(2r+1l)z
n . O 2 +1
5° (n) (2r+d) S (n) (2r+1)
_ n 2r+l ) Z 1 n —~(2r+l)z
- % yY=0 g21'+1 © * < =0 g2I‘+l °



o0 pot
1y (n) e(23¢+1)z + 0(e=0%)

B Fa =/ g?wl
€ o(n) _(2r+1) s aln)  _( -3

1 n r+1) 7 n 2r+1)z 3z

= 7 ‘.Z__:—_,, or+l © 5 L, Bopi © + 0(e %) (13.2)
cO

The term 'g érrlll (2r+l)z has already been discussed in section

12 and yields
T oDz o 5 () 5 s o(e? (13.5)
2 () Torel = % 0 91(ke)+ 0(e 7).
o)

We deal in the same way with the term 3 rZ:, Tgl:;:lll e(2r+l) .

Inserting the factorial-series for the T(n) with p = 0 we ge¥

21+ L
0 T (_]:E) 2T 6(21'4'1).’3
1 E_ T(l’l) 6(21"4‘1)2 A Z (ﬂl)l" ......g..... —— X
. P —/ 2r+ 1 - R . (r.}.m
GO KSn) w OO ) adl 1)r(_}g_gf)2r+l
N O Y{r+l)+ Flrdve) 1 n N
?;3 r+v) ! 2 %k ,guesv,o éf(’f+‘i‘)1(r+ﬂ!
P (o+D)+ ¥ (r4?) _ 1 x (n) y 2 Y o)t ¥(rrl)
D ~k V0,0 o ri(r+l)! 2
L T PEDTED T e
L n) ) r)t ¥ (r4v=1)
Tk QZ:.._': KV,O E‘o W\?——T p— 2 (13.4)

In order to obtain an estimation of the second term of (13.4) in

the same way as we did for the second term of (12,2) we first con-

sider
_ ’r) &

AT (o) § (raotv=l)

cl
r

(1% .5)

Using the duplication theocrem of the factoriecl-function we get

Y
3

—— . . 1 1
e ([t 4V =2 | (= ....% ) } B(I""'lr‘-"""")“l) B(I*I-g,ﬁ+§)

Il

Il




\
" Vir X +y=2)e(x-5)! é v 5 W (w-v)

Differentiating with resmect to A and taking

(3“;3)“ -0 = ~ L) ) [ \‘u(r)+\{" (r+\!-~lj

E—log w+log(w-v)+ log( 1-~w) dw
- (13.7)

and therefore
oa..
(3 =0

|

il
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¥

This relation can be made true for »= 1 too by a small changs
of the value of C . So we figally find

in which C**can be chosen independent of Y apd 2.
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So in the second term of (13.4) the general \ term of the sum
with respect to )y is at most of the order e ~ Yy tlogl , therefore
the term itself is at most of the order e ~ in 2 o

Then finally we have

“(p)+ H(r+l) T z
r-o ri(r+l)! 2 = -5 Y,(ke")
ke” Z 1
+ 10g 5 Jl(ke )+ ;mz"
ce
so we find
S p(n) (2rel) T 67 [6% . e?
n r+l)z _ 0 . A = { ra?
2 2;[ or+1 - ok Talke )+ T 1og(T-)d, (ke
+ 0(e™ %) (13.8)

Using (13.8), (13.3), (13.2), (13.1) and (12.5) we get

v(n) (n)

de (z)= -5 Z?c 2 Y 1 (ke™)+ "%Q{J " 108 k§ J1(ke®)+ 0(e™)

(13.9)
Now in (‘ 11.2) we have
(2) /. ~\_ _
Ne . (z)= a Sen(z)+ b Gen(z)m

(n)
= ---Q-L- [ (a + b13+ b log g)Jl(ke ) - Ib Y (ke )} O(ewz)

R
Se, in order that Nefl“?‘) (z)vA H(f) (ke®) we must have

a+bn+b 1og}2{- |
e ————————————— T ")
LN
2b
a _ k T _

14, Equally we find for even values of n
Sen(z) )/(n) J (Kez)-l— 0(e™ ") (14.1)

and censequently

Alsp we have

Gen( 2 )=
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Substitution of (14.1) and (14.3) in (11.2) gives:

Nei?)(2)= a Se_(z) + b Ge _(2)=
/(n)

00,0 T K Zy T Z ~2
= ‘-1-(-2-- L(a-&-bg*}'b log -é-)Jl(ke )"""’ 5 b Yl(ke )] + O(e )

So in order that Ne(z)(z) ~ A H(lz) (kez) we must have again the for-
mula (13%.10)

I

a 4 K T i
= -d-lg g -5 (14.4).



